BASINS OF ATTRACTION OF AUTOMORPHISMS IN 



LIZ VIVAS AND BERIT STENSONES 

Abstract. In this paper we shall give examples of maps and automorphisms 
with regions of attraction that are not simply connected. 



1. INTRODUCTION 

The objects that we shah study are holomorphic maps F : C'' —?' C'^ with a 
fixed point. For simphcity we may assume that F{0) = O. An open set ft — {z G 
C'^, f "(2;) — >■ O, when n — ^ 00} is cahed a basin of attraction. 

If A: = 1, it is known that if F does have a basin of attraction ft, then £7 is a 
disjoint union of simply connected regions in C [Mi| . 

We shall show that this is no longer the case when k > 2. 

It is easy to show that if O is an interior point for il, then fl will have to be 
one simply connected region so we have to look for our examples among the maps 
where O is in the boundary of fl. 

A class of maps that have been studied extensively are the ones where DF{0) = 
Id. these are said to be tangent to the identity. 

The main theorem of this paper is the following: 

Theorem. For any fc > 3, there exist F automorphism of<C^ tangent to the identity 
at O and its basin fl is biholomorphic to (C*)'^^^ x C^. 

2. Definitions and motivations 

We shall use a very famous example from complex dynamics in one variable as 
an inspiration for our constructions. Let f{z) = z + az'^ = z{l + az) where a is real 
and non-zero, then /(O) = and /'(O) — 1. 

The basins of attractions Cq for these maps are simply connected, bounded and 
€ dCa. The map z z(l + ^z) behaves in a similar way. In we can define 
the map F{z, w) — (^z + ^z^w, w + ^zw^) — (z, w) (l + ^zw) . If we look at how 
this map acts on zw, we observe that zw — )■ zw{l + ^zw)'^. From this we see 
that if (z„,w„) = F"(z, w), then YVj=o + ^^nWn)" -> O as n — 00, if zw € (7, 
where C is a region very similar to the domains Cq. If the product zw ^ C, 
then ZnWn does not go to 0. Hence the basin of attraction for F is the region 
{{z, w) € C^, ZW G C}. Since the map is equal to the identity on the axes, if follows 
that the map (z, w) — {z, zw) is one to one in fl, so ft is biholomorphic to C* x C. 

The map F is not an automorphism and we have not been able to find an 
automorphism of with a similar behavior. 

The situation changes if we allow k to be larger than or equal to 3. We will give 
the construction in the case fc = 3 and indicate how it can be done for larger fc's. 
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Lemma 1. For any given a,b,c different than 0, there exists F = (^1,-^2,^3) : 
C'' —7- C'^ automorphism tangent to the identity of the form: 

Fi{z,t,w) = z[l-aC + 0{CXw)] 

(1) F2{z,t,w)^t[l-hC + 0(eXw)] 

Fsiz, t, w) = w[l -cC + 0{e,Cw)] + O(C'); 

where C, = zt. 

Proof. We construct F as a finite composition of sliears and oversfiears. We use 
the following shears and overshears: 

4>i{z, t, w) ~ {z, t,w — zt), 

(t)2{z,t,w) = {ze'''^,te'"^,w), 

t, w) = {z, t, we-(''+''+'=)^* + (a + b)zh^). 

Then we define F as follows: 

F — 4>30 (f)^^ o (j)^^ o 02 o 01. 

An easy computation shows that F has the form ([T]), as above. □ 

We choose and fix from now on a, b, c positive and real, a — b and c > 2a. 
Note that with this choice tFi{z, t, w) — zF2{z, t, w). Also, notice that F{z, 0, w) — 
iz,0,w) and F{0,t,w) = {0,t,w). 

It remains to prove that F does have a basin of attraction that is biholomorphic 
to C* X C2. 

3. Proof of the theorem 

To prove the main theorem we shall use the ideas developed by Hakim | Hakj . 
Given a map F : C*^ — > C'^ that fixes the origin and it is tangent to the identity at 
O, then we can write: 

F(z) = z + P,(z) + 0(|zr+i). 

where 7^ the r-th homogeneous term in the homogeneous expansion of F. 

We say that z; ^ O is a characteristic direction if Priv) = Xv. If X ^ then we 
say V is non- degenerate and we say v is degenerate if A = 0. We identify Pk with 
its induced map in p'^"^ as well as v with its projection [v] in P*^"^. 

We say that an orbit {F^{p)} converges to the origin tangentially to a direction v 
in C" if F"(p) O and ^ [v] in P'=-i, where [•] : C^\{0} F'''^ denotes 

the canonical projection. Characteristic directions are relevant in the study of 
orbits going to the origin due to the following fact |Hak| : If there is an orbit of F 
converging to the origin tangentially to a direction u € C'^ then u is a characteristic 
direction of F. 

To any non-degenerate characteristic direction we can associate a set of eigen- 
values ai, . . . , Qffc-i G C of the linear operator D(P^)([w]) - Id : T[„]P"-i P"-i. 
These are called the directors of [v]. Hakim (see also Weickert |Wej ) proved the 
following: if F is a biholomorphism, [v] a non-degenerate characteristic direction 
and the directors of [v] have all positive real part, then f2[^] is biholomorphic to C*^. 

For F as above, in lemma 1, we have that the characteristic directions are (z, 0, w) 
and (0, t, w). All the directions are degenerate. 
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Define the map tt : C"^ — )■ as follows TT{z,t,w) = {zt,w). Then the following 
diagram commutes: 

where G is of the form: 

(2) G(C, «;) = (C - 2aC' + 0{C\ew),w - cCw + 0(C^ C'«^, Cw')), 

for = zw). 

The basin of attraction for F and G aie Q = {p G C^\0,F'^{p) 0} and 
f2 = {g e C2\0, G"(g) ^ 0} respectively. 

We see the following for Q: if {zo,to,Wo) G fi, then ^:o^^^o 0- Also, for any other 
{z, to, w) such that zw = ZqWo we will have that [z, to, w) is also in Vt. 

The map G has the non-degenerate characteristic direction (1,0). We can com- 
pute its director and we obtain ^^f^- With our choice of a and c we obtain that 
the director is positive, therefore Cl is biholomorphic to C^. 

Lemma 2. 7r(51) = f2. 

Proof. Let p & Q., then for q = 7r(p) we have G"(g) = 7r(F"(p)) ^ 7r(0) = O. 
Then 7r(ri) c Jl. Now let q = {x, y) G ft, we claim that p = {y/x, \fx, y) is in O i.e. 
F"{y/x, y/x, y) — > O. Note that x ^ 0, since every point of the form (0, y) is fixed by 
G and therefore does not converge to the origin. Let (z„, tn,'Wn) = F"{^Jx, yjx, y), 
then Zn = tn- Since G"{q) = n{F"'{p)) O, we have Zntn and w„ — )• 0. 
Therefore Zn = tn ^ and w„ — )• 0. We conclude p G Cl. 

□ 

Now we are ready to prove that fl is biholomorphic to C* x C^. 

Proof of Theorem.. Hakim's theorem say that d is biholomorphic to C^. Let us call 
: 17 — a chosen biholomorphism. Then define the map: 

"^{z,t,w) = {z,(f){zt,w)). 

Clearly this map is injcctive, since is injective and SI docs not intersect the set 
{zt = 0}. Therefore ^ is a biholomorphism between fl and its image. It is not hard 
to see that = C* x C^. □ 

Remark 1. For the construction of a basin ft of an automorphism F in C'^"^'^ such 
that is biholomorphic to (C*)*^"^ x for k > 3, we choose a map F as follows 
F{z,w) = {F-i,...,Fk+i) for {z,w) = {zi, . . . ,Zk,'w): 

Fi{z, w) = Zi{l - ttiC + 0(C^, (w)) for 1 < i < A; and 
Fk+i{z, w)=w-bCw + 0(C^ C^w, Cw^) 

where ( = HiLi ^i- The same conclusion will follow if we use all Ui equal, real and 
positive and 6 > ^aj. 
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Remark 2. In each one of these cases we have that the set of characteristic directions 
is k dimensionaL FoUowing Abate and Tovena's terminology (see |Ab-To| ) we can 
also see that each of these maps is 0-dicritical. That is, the set of singular directions 
is 0-dimensional. 
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